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Abstract
In the presence of D-branes, fermionic N=2 strings in 2+2 dimensions can be coupled to a
Ka¨hler NS-NS two-form B. We present the corresponding action which produces N=2 super-
symmetric boundary conditions and discuss the Seiberg-Witten zero-slope limit. After recalling
the constraints on the Chan-Paton gauge group, we demonstrate for U(n) groups that the
open N=2 string with a nonzero B-field coincides on tree level with noncommutative self-dual
Yang-Mills. Several misconceptions of hep-th/0011206 are corrected.
∗ On leave from Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
1 Introduction and results
A constant NS-NS two-form background modifies string dynamics nontrivially if D-branes are
present [1, 2, 3, 4, 5]. In particular, open strings ending on n coincident D-branes see a deformed
space-time metric Gµν and acquire a noncommutativity parameter θ
µν . The latter means that the
D-brane world volume carrying the U(n) Yang-Mills fields becomes noncommutative. In an α′→0
limit which keeps the above open-string parameters finite the string indeed reduces to noncommu-
tative U(n) gauge theory on the brane [6]. A restriction to SO(n) or Sp(n) subgroups is nontrivial
but emerges via orientifold projection [7].
In the present letter we apply this analysis to N=2 strings. Twenty years ago it was discov-
ered [8] that the open N=2 fermionic string at tree level is identical to self-dual Yang-Mills field
theory in 2+2 dimensions. The complete absence of a massive physical spectrum ties in with the
vanishing of all string amplitudes beyond three-point although the one-loop structure [9] seems to
be anomalous [10].
It is expected that switching on a constant B-field background renders the self-dual gauge
theory noncommutative. However, it also interferes with the global world-sheet supersymmetry of
fermionic strings in the superconformal gauge [11]. We shall show that a boundary term must be
added to the N=2 string action to preserve its supersymmetries for Bµν 6=0. In addition, it turns
out that the two-form Bµνdx
µ∧dxν must be Ka¨hler.
In order to verify the identity of the open N=2 string in a constant B-field background with
noncommutative self-dual Yang-Mills theory, we shall discuss the factorization of open-string trees
in this context and prove that the four-point amplitude of noncommutative U(n) self-dual gauge
theory vanishes in accord with the string result. As is demonstrated for the example of U(2), the
restriction of U(n) to SU(n) is not admissible [12, 13, 14, 7]. This explains the erroneous result of
a recent paper [15] claiming inconsistency for non-abelian gauge groups.
2 Open N=2 strings
The critical N=2 string lives in 2+2 real or equivalently 1+1 complex dimensions. Put differently,
the string world sheet Σ is embedded into a four-dimensional target space with signature (2, 2).
The Brink-Schwarz action [16] for the N=2 string in R2,2 is given by1
S = − 1
2πα′
∫
Σ
d2ξ e
{
1
2h
αβ∂αX
−a¯∂βX
+a + i2 ψ
−a¯
ρα
↔
Dαψ
+a +Aαψ
−a¯
ραψ+a
+ (∂αX
+a + χ−αψ
+a)ψ
−a¯
ρβραχ+β + (∂αX
−a¯ + ψ
−a¯
χ+α )χ
−
β ρ
αρβψ+a
}
ηaa¯ . (1)
The matter fieldsX+a and ψ+a are complex valued (X−a¯=(X+a)∗, ψ−a¯=(ψ+a)∗), so that the space-
time indices a, a¯ = 1, 2 run over two values only. The fields are coupled to the N=2 supergravity
multiplet consisting of the zweibein enα (related to the world-sheet metric hαβ via hαβ = ηmne
m
α e
n
β),
the complex gravitino χ±α and the U(1) connection Aα. Using symmetries of the action (see e.g. [17]
for a discussion) one can locally gauge away all gravitational degrees of freedom. In this supercon-
formal gauge the action becomes
S = − 1
4πα′
∫
Σ
d2ξ ηαβ
(
∂αX
−a¯∂βX
+a + i2ψ
−a¯
ρα∂βψ
+a + i2ψ
+a
ρα∂βψ
−a¯
)
ηaa¯ . (2)
1 We use ρ0 =
(
0 −1
1 0
)
, ρ1 =
(
0 1
1 0
)
, {ρm, ρn} = 2ηmn, (ηmn) =
(
−1 0
0 1
)
, ξ0 = τ, ξ1 = σ. The space-time
metric is (ηaa¯) = ζ
(
1 0
0 −1
)
, where ζ > 0 is a real scaling parameter. For the definition of Dα, ψ, χ, e see [17].
1
We now switch to a real notation via (±a)→ (µ), with µ, ν, . . . = 1, 2, 3, 4. To be more explicit,
X1 :=
1
2
(X+1 +X−1) , X2 :=
1
2i
(X+1 −X−1) ,
X3 :=
1
2
(X+2 +X−2) , X4 :=
1
2i
(X+2 −X−2) , (3)
and analogously for the fermionic fields. The action functional then takes the form
S = − 1
4πα′
∫
Σ
d2ξ ηαβ
(
∂αX
µ∂βX
ν + i ψ
µ
ρα∂βψ
ν
)
gµν , (4)
with (gµν) = ζ diag(+1,+1,−1,−1). This action enjoys a residual gauge invariance under N=2
superconformal transformations. In particular, the rigid N=2 supersymmetry transformations have
the form [18, 19]
δXµ = ε1ψ
µ + Jµν ε2ψ
ν ,
δψµ = −iρα∂αXµε1 + iJµν ρα∂αXνε2 . (5)
Here (Jµν ) is a constant complex structure compatible with our metric, i.e. gµνJ
ν
λ + J
ν
µgλν = 0.
3 N=2 supersymmetric boundary conditions
We now turn our attention to N=2 open strings in a B-field background. Since B-field components
not parallel to aD-brane world volume can be gauged away, we shall consider n concidentD3-branes
in order to allow for the most general B-field configuration. Let us investigate how a B-field can
be coupled to supersymmetric 2d matter fields so that the action is still globally supersymmetric.
The gauge-fixed action functional derived from the standard superfield action is
S = − 1
4πα′
∫
Σ
d2ξ
(
ηαβgµν + ε
αβ2πα′Bµν
)(
∂αX
µ∂βX
ν + i ψ
µ
ρα∂βψ
ν
)
. (6)
The boundary conditions for Xµ following from this action read
(Eνµ∂++X
ν − Eµν∂=Xν)|∂Σ = 0 , (7)
where
Eµν := gµν + 2πα
′Bµν , (8)
and ∂Σ = {ξ1=0, π}, while ∂++ = ∂0+∂1 and ∂= = ∂0−∂1. The boundary conditions for ψµ must
get mapped to (7) under supersymmetry. The appropriate fermionic boundary conditions are (see
e.g. [6, 11])
(Eνµψ
ν
+ − γEµνψν−)|∂Σ = 0 , (9)
where we use the fact2 that ε−i = ε
+
i at σ=0 and ε
−
i = γε
+
i at σ=π (γ=+1 for the Ramond sector,
γ=−1 for the Neveu-Schwarz sector).
A straightforward calculation shows that the fermionic boundary conditions derived from (6)
are inconsistent with (9). It was shown in [11] that the N=1 fermionic string requires adding two
2 Recall that a Majorana spinor ϕ (in 1+1 dimensions) has two components ϕ± = 1
2
(1 ± ρ1ρ0)ϕ. Furthermore,
ϕ ≡ (ϕ+, ϕ−) = ϕ
†ρ0.
2
B-dependent boundary terms to restore supersymmetry. This leads to the following expression for
the N=1 string action:
S = − 1
4πα′
∫
Σ
d2ξ
[
(ηαβgµν + ε
αβ2πα′Bµν) ∂αX
µ∂βX
ν + iEνµψ
µ
ρα∂αψ
ν
]
. (10)
For the N=2 string we find the same result. Furthermore, the second supersymmetry applied to
the action leads to additional equations,
(EνµJ
ν
λ∂++X
λ −EµνJνλ∂=Xλ)|∂Σ = 0 . (11)
These conditions are equivalent to (7) and thus pose no further constraint only if we demand that
gµνJ
ν
λ + J
ν
µgλν = 0 and BµνJ
ν
λ − JνµBλν = 0 . (12)
These relations mean that (gµν) is a hermitian metric and Bµνdx
µ∧dxν has to be a Ka¨hler two-form
on R2,2, i.e. a closed two-form compatible with the complex structure J=(Jµν ). It is important to
notice that the action functional (10) cannot be written in terms of superfields. In particular, the
action used in [15] is not N=2 supersymmetric without adding boundary terms.
4 Seiberg-Witten limit
We now want to investigate the effects of background B-fields on open N=2 strings and exhibit
their effective field theory. The starting point is the form of the open-string correlators [4, 6],
〈Xµ(τ)Xν(τ ′)〉 = −α′Gµν ln(τ − τ ′)2 + i2θµν ε(τ − τ ′) , (13)
〈ψµ(τ)ψν(τ ′)〉 = G
µν
τ − τ ′ , (14)
for τ, τ ′ ∈ ∂Σ. Here, [E−1]µν ≡ [(g + 2πα′B)−1]µν = Gµν + 12πα′ θµν yields the effective metric
Gµν seen by the open string and gives rise to the noncommutativity parameter θ
µν appearing in
[Xµ(τ),Xν(τ)] = iθµν [4]. With an appropriate choice of the SO(2, 2) generators [20], the matrices
J and B can be written in terms of the generators of a U(1) × U(1) subgroup of SO(2, 2). Then,
the complex structure J and the most general ‘magnetic’ B-field are expressed as
J = (Jµν ) =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 and B = (Bµν) =


0 B1 0 0
−B1 0 0 0
0 0 0 B2
0 0 −B2 0

 . (15)
In this basis we obtain
(Gµν) =


ζ
ζ2+(2πα′B1)2
0 0 0
0 ζζ2+(2πα′B1)2 0 0
0 0 − ζ
ζ2+(2πα′B2)2
0
0 0 0 − ζζ2+(2πα′B2)2

 , (16)
(θµν) =


0 − (2πα′)2B1ζ2+(2πα′B1)2 0 0
(2πα′)2B1
ζ2+(2πα′B1)2
0 0 0
0 0 0 − (2πα′)2B2
ζ2+(2πα′B2)2
0 0 (2πα
′)2B2
ζ2+(2πα′B2)2
0


. (17)
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Note that for B2=−B1 the background will be self-dual, and the action (10) will have N=4 super-
symmetry [19].
We also introduce a tetrad eµˆ = (e
ν
µˆ) related to the metric G by the formula
Gµν = eµσˆ e
ν
λˆ
ησˆλˆ , (18)
where (ηµˆνˆ) = diag(+1,+1,−1,−1) is the metric in the orthonormal frame and µˆ, νˆ = 1, . . . , 4 are
Lorentz indices.
Next we calculate the effective open-string coupling Gs which is related to the closed-string
coupling gs via Gs = gs[detG/det(g + 2πα
′B)]1/2 and obtain
Gs = gs
[(
1 + (2π
α′
ζ
B1)
2
)(
1 + (2π
α′
ζ
B2)
2
)]1/2
. (19)
The Seiberg-Witten limit consists of taking α′→0 while sending ζ ∼ (α′)2 → 0 (and therefore
gµν → 0) so that G, G−1, and θ remain finite. This α′ ∼ ζ1/2 → 0 limit is equivalent to the limit
B →∞ [6]. We arrive at the following effective open-string coupling,
Gs → g
2
YM
2π
≡ 4π2 |B1B2| = const , (20)
since gs ∼ ζ ∼ (α′)2. The inverse open string metric (Gµν) and the matrix (θµν) become
(Gµν)→


1
(2πB1)2
0 0 0
0 1
(2πB1)2
0 0
0 0 −1
(2πB2)2
0
0 0 0 −1
(2πB2)2

 and (θµν)→


0 − 1B1 0 0
1
B1
0 0 0
0 0 0 − 1B2
0 0 1B2 0

 . (21)
A remark is in order. Kumar et al. [15] use a notation similar to ours. Their choice of B-field,
though, leads to the ‘electric’ type of two-form, i.e. their B-field has non-vanishing components
simultaneously in space and time direction. In [21] this type of field has been considered in much
detail, and it was shown that it does not admit a zero-slope limit which produces a field theory on
a noncommutative space-time. It is not clear to us how a ∗ product and noncommutative gauge
field theory can appear in [15] without the α′ → 0 limit.
5 Factorization of open-string trees
In the absence of a B-field background (θ=0) it is well known [22] that the factorization properties
of open string amplitudes (as required for unitarity) restrict the possible Chan-Paton gauge groups
to U(n), SO(n), and Sp(n). In addition, one observes [23] that the U(1) part of U(n) decouples
from all amplitudes; hence, SU(n) is admissible as well.
It is natural to ask whether turning on a non-vanishing constant B-field background further
constrains the set of allowed Chan-Paton labels. This question has been answered in the appendix
of [12] (correctly for U(n)) and in [7] (for SO(n) and Sp(n)): all these classical Lie groups are still
allowed. However, the analysis of [12] immediately shows and ref. [7] explains that the restriction
U(n)→ SU(n) is no longer permitted because the U(1) degree of freedom ceases to decouple. Let
us briefly review the argument for U(n).
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The full M -particle open-string tree-level scattering amplitude reads
T (1, 2, . . . ,M) = A(1, 2, . . . ,M) tr(λ1λ2 . . . λM )E(1, 2, . . . ,M) + non-cyclic permutations ,
(22)
where A(1, 2, . . . ,M) denotes the uncharged θ=0 primitive amplitude obtained from the disk dia-
gram with external leg ordering (1, 2, . . . ,M), and the anti-hermitian matrix λi ∈ u(n) describes
the group quantum number of the ith external particle, i=1, 2, . . . ,M . The only effect of the
B-field background consists in multiplying each primitive amplitude with a phase [6],
E(1, 2, . . . ,M) :=
∏
1≤j<ℓ≤M
e−
i
2
kjµθ
µνkℓν , (23)
which, due to momentum conservation, is cyclically invariant just like the two factors it multiplies.
Let us focus on factorization. Whenever a partial sum of external momenta goes on-shell, the
amplitude T develops a pole whose residue should factorize into the T amplitudes for the two halves
of the cut diagram. For a given pole, a subset of the permutations in (22) contributes. Generically,
A(1, 2, . . . ,M) ∼ 1
m2 − s
∑
X
A(1, 2, . . . , P,X)A(X,P+1, . . . ,M) , (24)
where s = −(k1+k2+ . . .+kP )2, and X runs over all states in the spectrum with mass m. Similarly,
for u(n) (but not for su(n)!) one has
tr(λ1λ2 . . . λM ) = −2
∑
x
tr(λ1λ2 . . . λPλx) tr(λxλP+1 . . . λM ) , (25)
where x labels a basis of anti-hermitian u(n) generators normalized to tr(λxλy) = −12δxy. Note that
the product λ1λ2 . . . λL /∈ u(n) but lies in the universal enveloping algebra. Finally, momentum
conservation yields the factorization
E(1, 2, . . . ,M) = E(1, 2, . . . , P )E(P+1, . . . ,M) . (26)
Taken together, one sees that each term in (22) factorizes correctly by itself in case of a U(n)
Chan-Paton group. Yet, T amplitude factorization functions under a somewhat weaker requirement.
Since the primitive amplitudes A at different leg orderings are further related by
A(L, . . . , 2, 1) = (−1)LA(1, 2, . . . , L) (27)
for L massless external states, we may group the permutations in (22) in quartets. With the help
of
E(L, . . . , 2, 1) = E(1, 2, . . . , L)∗ , (28)
the generic combination
(1, . . ., P, P+1, . . .,M) + (P, . . ., 1, P+1, . . .,M) + (1, . . ., P,M, . . ., P+1) + (P, . . . , 1,M, . . ., P+1)
produces a factor of tr[Λ(1, . . . , P )Λ(P+1, . . . ,M)] with
Λ(1, 2, . . . , L) := λ1λ2 . . . λLE(1, 2, . . . , L) − λL . . . λ2λ1E(1, 2, . . . , L)∗ ∈ u(n) , (29)
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multiplying the right-hand side of (24). Hence, a subgroup G ⊂ U(n) is compatible with factoriza-
tion, if λi ∈ Lie (G) implies Λ(1, 2, . . . , L) ∈ Lie (G) so that the trace may be split by inserting a
complete basis {λx} for Lie (G).
When θ=0, one has E=1, and the condition above holds for the classical groups U(n), SO(n),
and Sp(n). In a B-field background the condition becomes nontrivial already at L=2,
λ1, λ2 ∈ Lie (G) ?=⇒ Λ(1, 2) ≡ λ1λ2E(1, 2) − λ2λ1E(1, 2)∗ ∈ Lie (G) . (30)
This seems to exclude SO(n) and Sp(n) groups [12]. However, a refined analysis employing the
orientifold construction for non-oriented open strings leads to a modified factorization condition,
which is indeed fulfilled by SO(n) and Sp(n) [7]. In contrast, a reduction of U(n) to SU(n) in the
orientable case is no longer possible because already tr[Λ(1, 2)] 6= 0, indicating the fusion of two
SU(n)-charged states to a U(1)-charged one.
As mentioned before, the Seiberg-Witten limit (α′ → 0 but keeping the open-string parameters
finite) reduces the string to a noncommutative quantum field theory. It is therefore not surprising
that the list of admissible open-string gauge groups for θ 6=0 is in perfect agreement with the list of
possible noncommutative Yang-Mills theories. In particular, the failure of the Moyal commutator
f ∗ g − g ∗ f to close in su(n) signals the necessity for the coupling of an additional U(1) gauge
boson enlarging SU(n) to U(n) [13, 14].
6 Noncommutative self-dual Yang-Mills
We have already stated that beyond three-point all tree-level amplitudes of theN=2 fermionic string
are known to vanish. It is not always appreciated [15] that complete N=2 string amplitudes even at
tree level include a sum over world-sheet instanton sectors labeled by the first Chern number of the
gauged R-symmetry U(1) bundle, which turns each primitive amplitude into a function A(Gs, ϑ)
not only of the open-string coupling Gs but also of an instanton (theta) angle ϑ [24]. Surprisingly,
SO(2, 2) ‘Lorentz’ transformations treat
√
Gs(cos
ϑ
2 , sin
ϑ
2 ) as a (
1
2 , 0) spinor, so that we may put
Gs=1 and ϑ=0 in a suitable Lorentz frame [24]. The resulting three-string amplitude
3 (in flat R2,2
with B=0),
T3(1, 2, 3) = A3(1, 2, 3) tr(λ1λ2λ3) +A3(2, 1, 3) tr(λ2λ1λ3) = k
+
1 ∧k+2 tr(λ[1λ2]λ3) , (31)
represents the totally symmetric cubic interaction of the Leznov [25] prepotential φ for self-dual
Yang-Mills theory [24]. For more than three external legs, any tree-level N=2 string scattering
vanishes already on the level of the primitive amplitudes, A(1, 2, . . . , L>3) = 0, thanks to the
kinematical identity
k+1 ∧k+2
1
s12
k+3 ∧k+4 + k+2 ∧k+3
1
s23
k+1 ∧k+4 + k+3 ∧k+1
1
s31
k+2 ∧k+4 = 0 (32)
valid only in 2+2 dimensions [8, 26]. It is very useful to note that this identity renders
A¯4(1, 2, 3, 4) := k
+
1 ∧k+2
1
s12
k+3 ∧k+4 (33)
totally antisymmetric in all labels.
The vanishing of amplitudes implies the existence of symmetries and vice versa. For the N=2
string an infinite number of tree-level scattering amplitudes vanishes and therefore an infinite
3 k+i ∧k
+
j := ki4kj1 − ki4kj3 + ki2kj1 − ki2kj3 − (i↔ j)
6
number of symmetries is to be expected. For open N=2 strings these symmetries have been
described in [27, 28].
The more commonly used Yang gauge [29] may also be obtained, by restricting oneself to the
zero-instanton sector (or, equivalently, by averaging over ϑ). Full N=2 string amplitudes, however,
produce self-dual Yang-Mills in the Leznov gauge. The latter is also preferred by the simplicity of
a merely quadratic field equation, leading to no further field-theory vertices beyond the cubic one
corresponding to (31). Indeed, using again the ‘magical’ identity (32) it is easy to prove that the
sum of the s-, t-, and u-channel diagram for the field-theory four-point function already vanishes,
leaving no room for a quartic vertex [30]. This result has been extended to all tree amplitudes [31].
The generalization to a non-vanishing constant B-field background is straightforward. We
switch on only ‘magnetic’ components of the B field (see section 4), in order to allow for a Seiberg-
Witten limit to noncommutative gauge theory. The three-string (Leznov) amplitude is modified
to
T3(1, 2, 3) = A3(1, 2, 3) [tr(λ1λ2λ3)E(1, 2, 3) − tr(λ2λ1λ3)E(2, 1, 3)] , (34)
while the dressing of the primitive amplitudes A by phase factors E does not alter their vanishing.
These amplitudes lead to the cubic Lagrangian
L = 1
2
Gµν tr ∂µφ ∗ ∂νφ + 1
3
ǫ
.
α
.
β trφ ∗ ∂ˆ0.αφ ∗ ∂ˆ0.βφ (35)
with noncommutative ∗ product. Here, ∂ˆ00˙ := ∂ˆ 2ˆ+∂ˆ4ˆ and ∂ˆ01˙ := ∂ˆ1ˆ−∂ˆ3ˆ, where ∂ˆµˆ := eνµˆ∂ν is
defined with the help of the tetrad (18).
In accord with the general discussion [6] we expect the N=2 string in a constant B-field back-
ground to be identical to noncommutative self-dual Yang-Mills theory [32, 33] in the Leznov gauge,
as described by the Lagrangian (35). Since the latter has only a cubic interaction vertex (for the
Leznov prepotential φ), all tree-level field-theory amplitudes (with more than three external legs)
obtained using the Feynman rules based on (34) should be zero. As a nontrivial check, we should
be able to reproduce the vanishing of the four-point function for noncommutative U(n) self-dual
Yang-Mills.
The field-theory four-point function TLeznov4 for the Leznov prepotential φ ∈ u(n) is a sum over
24 permutations of
T3(1, 2, ·) −1
s
T3(·, 3, 4) = −1
s
A3(1, 2, ·)A3(·, 3, 4)
∑
x
tr[Λ(1, 2)λx]tr[λxΛ(3, 4)]
= 12A¯4(1, 2, 3, 4) tr[Λ(1, 2)Λ(3, 4)] , (36)
where the last equation makes use of (25). Due to its total antisymmetry A¯4 may be pulled out of
the permutation sum, which reduces to∑
π∈S4
(−)π tr[Λ(π1, π2)Λ(π3, π4)] = 4
∑
π∈S4
(−)π tr[λπ1λπ2λπ3λπ4 ]E(π1, π2, π3, π4) . (37)
However, since each term under the sum is cyclically invariant, the four contributions to any cycle
cancel each other in pairs, leaving us with
TLeznov4 (1, 2, 3, 4) = 0 . (38)
Of course, the Yang gauge produces the same result. Because the gradient of φ yields the Yang-Mills
gauge potential, the same-helicity four-gluon amplitude emerges from TLeznov4 by multiplication of
leg factors and thus continues to vanish in the noncommutative case.
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7 Four-point amplitude: an example
It has recently been claimed [15] that noncommutative self-dual Yang-Mills (in the Yang gauge)
descends from the N=2 string only for abelian gauge groups, because the field-theory four-point
function (for the Yang prepotential) allegedly fails to vanish otherwise. Although we have demon-
strated in generality that proper factorization guarantees the agreement of string with field-theory
amplitudes, let us elucidate the error of [15] for the simplest non-abelian gauge group admitted,
G = U(2). In this case, the Leznov prepotential consists of an su(2) triplet φT plus an su(2)
singlet φS stemming from the U(1) gauge boson. As generators we take λa =
i
2σa, a=1, 2, 3, and
λ0 =
i
21.
The vertices involving triplet states are
T TTT3 (1, 2, 3) =
1
2 k
+
1 ∧k+2 c12 ǫ123 and T TTS3 (1, 2, 3) = −12 k+1 ∧k+2 s12 δ12 , (39)
where
cij := cos(
1
2kiθkj) and sij := sin(
1
2kiθkj) . (40)
Let us compose the four-triplet amplitude TLeznov4 . Triplet exchange in s-, t-, and u-channel
yields
T
(T )
4 = −14 A¯4(1, 2, 3, 4)
∑
x=1,2,3
[c12c34 ǫ12xǫx34 + c23c14 ǫ23xǫx14 + c31c24 ǫ31xǫx24] (41)
= −14 A¯4(1, 2, 3, 4) [δ12δ34(c23c14−c31c24) + δ23δ14(c31c24−c12c34) + δ31δ24(c12c34−c23c14)] ,
while singlet exchange produces
T
(S)
4 = −14 A¯4(1, 2, 3, 4) [s12s34 δ12δ34 + s23s14 δ23δ14 + s31s24 δ31δ24] . (42)
Even though the partial amplitudes do not vanish (for θ 6=0), their sum TLeznov4 = T (T )4 +T (S)4 does,
as may be verified from
c23c14 − c31c24 + s12s34 = 0 (43)
by employing momentum conservation.
For G=U(n), ǫabc → fabc, but additional cubic couplings appear due to the non-vanishing of the
symmetric SU(n) rank-three tensor dabc. In conclusion, noncommutative self-dual Yang-Mills (at
tree level) is identical to the N=2 string in a constant B-field, as long as one does not attempt to
use pure SU(n) or an exceptional gauge group.
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